Liquidity financial markets, whose risks are caused by uncertain volatilities, are investigated. We suppose that the price process of risky asset satisfies a mean reversion model which contains a G-Brownian motion instead of the classical Brownian motion. Under the assumption of no arbitrage, employing the concept of arbitrage and the properties of G-expectation, an interval of no-arbitrage price for the general European contingent claims is deduced.
Introduction
In a real stock market, investors trade with liquidity risks caused by uncertain volatilities which play an important role in financial markets. Many researchers in the financial fields use multiple priors to discuss decisions under volatility uncertainty. Gilboa and Schmeider [1] introduce the decision theoretical setting of multiple priors. Maccheroni et al. [2] generalize multiple priors to preferences. Vorbrink [3] discusses a particular example to illustrate an uncertain volatility model. We consider the European contingent claim, whose characteristic is volatility uncertainty. The price process of underlying asset is supposed to follow a mean reversion model. Most existing results are obtained by using data from developed markets to test for mean reversion. Poterba and Summers [4] examine the evidence on the presence of mean reversion in stock prices. Chaudhuri and Wu [5] investigate that stock-price indexes of emerging markets are characterized by mean reversion processes. Akarim and Sevim [6] identify the best portfolio investment strategy on the validity of the mean reversion model. Relaxing the deterministic market liquidity process to allow a mean reversion stochastic process, Feng et al. [7] develop a liquidity-adjusted option pricing model.
In our liquidity financial markets with volatility uncertainty, the wealth is invested in risk-free asset and risky asset. Denote S t as the underlying asset price at time t. The underlying asset price is assumed to follow a mean reversion model. Denote the canonical process W = (W t ) as a G-Brownian motion with regard to a sublinear expectation E G , called G-expectation (see [8] for its construction). Under probability measure, the model is written in the form
We aim to solve
where V T denotes the payoff of a contingent claims at maturity T , and B T is a discounting. P is the probability measure. We suppose that the stock price process satisfies a mean reversion model. Namely, equation (1) contains a G-Brownian motion rather than a classical Brownian motion. equation (1) is different from the geometric G-Brownian motion used in [3] . In our model, the volatility of S t is a variable depending on t, while the volatility of S t is constant in [3] . We take advantage of the Gframework and the concept of arbitrage to obtain the interval of no-arbitrage, which is different from that in [6] , in which the mean reversion model is employed to identify the best portfolio investment strategy.
The rest of the paper is organized as follows. Section 2 provides the mathematical setting and the liquidity financial markets. In Section 3, the interval of no-arbitrage is derived. Section 4 presents our main results. Conclusions are drawn at the end of this paper.
Model settings
In the following liquidity financial market M, there are two assets, a riskfree asset and a single risky asset. They are traded continuously over [0, T ]. Assume that risk-free asset is a bond with price B t at time t and its interest rate is r. So the price process of the risk-free asset B t is assumed to satisfy the following formula
Assume that risky asset is a stock whose price process S t follows the mean reversion model:
In equations (3) and (4), the constant r ≥ 0 represents the riskless interest rate. In (4), r is the mean reversion speed of S t in the liquidity financial market. α is the mean level of S t . σ t is the level of volatility of S t . W = (W t ) denotes the canonical process which is a G-Brownian motion under E G or P, with parameters σ > σ > 0. In (4), the stock price process S t is an element of M
which is a basic assumption in market M. We impose the condition
where H t represents the value of trading strategy at time t and C t is a cumulative consumption process (see [9] ). The meaning of equation (5) is that, starting with an initial amount B −1 0 θ 0 + γ 0 S 0 of wealth, all changes in wealth are due to capital gains (appreciation of stocks, and interest from the bond), minus the consumed amount. Remark 2.1. A portfolio process π represents proportions of a wealth X which is invested in the stock. If we define
As long as π constitutes a portfolio process with corresponding wealth process X, the (θ, γ) is a trading strategy in the sense of equation (5).
Definition 2.2. For a given initial capital X 0 , a portfolio process π, and a cumulative consumption process C, consider wealth equation
with initial wealth X 0 , which is equivalent to
If equation (6) has a unique solution X = (X t ) := X X 0 ,π,C , then it is called the wealth process corresponding to the triple (X 0 , π, C).
A No Arbitrage Interval in the European contingent claim
Theorem 3.1. For the financial market (M, V ), the following identities hold:
Proof. Let us begin with the identity v up = E G (B T V T ). As seen in the proof of [10] , for any X 0 ∈U, it has X 0 ≥E G (B T V T ). Therefore,
To show the opposite inequality, we need to define the G-martingale M by
By the martingale representation theorem in [11] , we know that there exists z∈H 1 G (0, T ) and a continuous, increasing processes Γ = (Γ t ) with
. Then the wealth process X X 0 ,π,C satisfies
The proof for the second identity is analogous. Employing the proof in [10] , we have
In order to obtain v low ≥ − E G (−B T V T ), we define a G-martingale M by
Using the martingale representation theorem in [11] , there exist z∈H 1 G (0, T ), and a continuous, increasing process Γ = (Γ t ) with Γ T ∈L
For any t≤T , let
. Then the wealth process X −X 0 ,π,C satisfies
where C obeys the condition of a cumulative consumption process due to the properties of Γ (see [9] ). Moreover, for any t≤T , we have
Owing to the definition of L, we obtain v low ≥ − E G (−B T V T ). The proof is completed.
The Markovian case
Considering the liquidity financial market M, we have the form V T = Φ(S T ) for Lipschitz function Φ : R→R. A nonlinear Feynman-Kac formula which is established by Peng [8] is employed to solve our issue. Let us rewrite the dynamics of S in Equation 4 as
At time t∈[0, T ], we denote that the lower and upper arbitrage prices are v t low (x) and v t up (x), respectively. Using the variable x represents the stock price S t at a considered time t. That is, S t = x.
The following conclusion is utilized to establish the connection of v 
A precise representation for the corresponding trading strategy in the stock and the cumulative consumption process is given by
The process of proving Lemma 4.1 is given in [10] .
On the basis of the result of Lemma 4.1, we know that the unique solution of equation (7) is the function u(t, x) = v t up (x) and u(t, x) = −v t low (x). If Φ is a convex or concave function, equation (7) will become very simple.
Theorem 4.2. 1. If Φ is concave, then u(t, ·) is convex for any t ≤ T . 2. If Φ is convex, then u(t, ·) is concave for any t ≤ T . Analogously, if Φ is convex, then u(t, ·) is concave for any t ≤ T . If Φ is concave, then u(t, ·) is convex for any t ≤ T .
Proof. We only need to take into account the function of the upper arbitrage price which is determined by 
where we have used the convexity of Φ, the monotonicity of E G and the sublinearity of E G in the second inequality. Hence, u(t, ·) is convex for all t ∈ [0, T ]. Let Φ be concave. For any (t, x) ∈ [0, T ] × R + , we set h(t, x) := E P Φ(S t,x t = x. E P is linear which means that h(t, ·) is concave for any t ∈ [0, T ]. Therefore, h solves equation (7) . The uniqueness is used to conclude h = u. Hence, u(t, ·) is concave for any t ∈ [0, T ].
Conclusion
In our paper, the mean reversion model is employed to describe the stock price process. We restrict our study in liquidity financial market which features volatility uncertainty. The structure of a G-Brownian motion is employed in our mathematical setting. We find an interval of no-arbitrage price for the general European contingent claims. The partial differential equations are applied to establish the connection of the lower and upper arbitrage prices.
